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Abstract. We present a classification of transitive vertex algebroids on a 
smooth variety X carried out in the spirit of Bressler's classification of Courant 
algebroids. In particular, we compute the class of the stack of transitive vertex 
algebroids. We define deformations of sheaves of twisted chiral differential 
operators introduced in [AChM] and use the classification result to describe 
and classify such deformations. As a particular case, we obtain a localization 
of Wakimoto modules at non-critical level on flag manifolds. 



1. Introduction 

A vertex algebroid is the algebraic structure induced on a subspace Vq © V\ of 
a vertex algebra V . The study of vertex algebroids started with [GMS1] where 
the sheaves of chiral differential operators (CDO) were defined as the enveloping 
algebras of exact vertex algebroids. 

Algebras of chiral differential operators are sheaves of vertex algebras on smooth 
varieties resembling the associative algebras of differential operators in some re- 
spects. One striking difference from the classical prototype is that for some mani- 
folds X no CDO exists; or if there is one, there may be more than one isomorphism 
class of such sheaves. Speaking in technical language, sheaves of CDO form a stack, 
whose groupoid of global sections may be empty or have more than one connected 
component. 

In [GMS1] the classification of chiral differential operators was obtained; in par- 
ticular, it was established that a global sheaf of CDO exists on X if and only if 
chziQ^x) = where ch^i^x) 1S the second graded piece of Chern character of il x . 

This result was re-established by Bressler [Brc] in a rather unexpected fashion. 
He noticed that the notion of a vertex algebroid is related to a well-known notion 
in differential geometry, a Courant algebroid: the latter is a quasi-classical limit of 
the former. He obtained a classification of Courant algebroids extending a fixed 
Lie algebroid and rediscovered the aforementioned obstruction by connecting the 
existence of a CDO on X with the existence of certain Courant extensions of the 
Atiyah algebra of the sheaf of I-forms. 

In both these classification problems the obstruction to global existence is a 
class in H 2 (X, VL 2 — > £! 3:d ). This is due to a rather remarkable property of these 
algebroids: one can "twist" an algebroid A on U C X by a closed 3-form a. To 
be more precise, let us denote by VExt^ (resp. CExt^ ) the stack of vertex 
(resp. Courant) algebroid extensions of a given Lie algebroid C A- Tx with an 
invariant pairing (, ) on ker7r (cf. section 2.4). Then the twisting by 3-form action 
on VSxtg and CSxt 1 ^ extends to an action of a certain stack associated to the 
complex Cl x — >■ fl x cl (cf. [D]) and it makes each of those a torsor over the latter. 
By standard abstract nonsense, to every such stack S there corresponds a class 
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cl(S) € H 2 (X,tt 2 — > n 3 ' cl ) which vanishes precisely when S has a global object. 
For example, the obstruction ch2(£l x ) above is exactly the class of the stack of 
exact vertex algcbroids on A. 

In this article we classify transitive vertex algcbroids. Since exact vertex al- 
gcbroids classified in [GMS1] are, in fact, a particular kind of transitive vertex 
algcbroids ( those whose associated Lie algcbroid is the tangent sheaf), our classi- 
fication generalizes that of [GMS1]. 

In particular, we compute the class of the stack V£xt^ . Bressler computes the 
corresponding class for Courant extensions of X [Brc] and proves that cl(C£xt^) = 
— 7}Pi(£, (, }) where pi(C, (, )) is the Pontryagin class associated with the pair (£, (, )), 
a generalization of the familiar first Pontryagin class of a vector bundle, defined in 
loc.cit.. 

Our main result is Theorem 1.1 below. To prove it we take up the techniques of 
Baer arithmetic developed by Bressler for Courant algcbroids and use the classifi- 
cation of both CDO and Courant algcbroids. 

Theorem 1.1. The class ofV£xt ( £ m iJ 2 (A,ft 2 ->■ n 3 ' cl ) equals 
cl(V£xt^) = ch 2 (n 1 x )-^ Pl (C,{,)) 

It is worthwhile to note that it is possible for a manifold X to have no global 
CDO and Courant extensions of a given Lie algcbroid C, but still have a vertex 
extension of C. 

We use the classification result above to study certain deformations of sheaves 
of twisted chiral differential operators (TCDO) defined in [AChM]. A TCDO is 
defined through a procedure that, starting with a CDO produces a sheaf which 
has features of both the original CDO and and the Bernstein-Beilinson algebra of 
twisted differential operators ([BB1]). These sheaves have proved useful in repre- 
sentation theory of affinc Lie algebras at the critical level. In particular, one has a 
localization procedure for certain classes of g- modules. [AChM]. 

More explicitly, a sheaf of TCDO on A is a sheaf of vertex algebras that locally 
looks like T> ch (g> Hx where V ch is a sheaf of CDO on X and Hx is the algebra of 
differential polynomials on the space i? 1 (A, Q}>° 1 ) classifying the twisted differential 
operators on X. 

When A is a flag variety, A = G/B_, the algebra Hqi b is isomorphic to C[f)*] 
where t) is the Cartan subalgebra of g = Lie G. Moreover, there is an embedding of 
affinc vertex algebra 

V- h ,(g)^T(G/B,V^) 

which makes the space of sections of the TCDO over big cell T{U e ,V c ^ tw ) ~ 
T> ch {U e )®HQ/B a g-modulc of the critical level, called the Wakimoto module 
Wo.-ftv. [FF1] 

The Wakimoto module Wo.-fcv is a member of the family 

W , k ='D ch (U e )®Hx,k+hv 

where Hx, K is the Hcisenberg vertex algebra associated with the space f) with a 
bilinear form equal to k times the normalized Killing form. 

One might ask whether Wo,k with non-critical k admits a localization similar to 
that of Wo,-h v - We show that such a sheaf indeed exists on any flag manifold and 
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is, in fact, a deformation of the TCDO mentioned above: there is one such sheaf 
for each choice of an invariant inner product (•, •) on g. If X = P 1 , then we prove 
that this sheaf is a sheaf of sb-modules of level (•, ■) + (-, -) cr it (cf. Corollary 4.8). 

More generally, we define a deformation of TCDO on an arbitrary manifold X 
to be the vertex enveloping algebra of certain transitive vertex algebroid on X. 
We apply our main classification result (cf. Theorem 1.1 above) to classify the 
deformations. 

Acknowledgement. The author would like to thank Fyodor Malikov for immense 
help and guidance throughout the work. 

2. Preliminaries 

We will recall the basic notions of vertex algebra following the exposition of 
[AChM]. 

All vector spaces will be over C. 

2.1. Definitions and examples. Let V be a vector space. 
A field on V is a formal series 

a(z) = Y,a ( n)Z- n - 1 £ (EndV)^" 1 ]] 

such that for any v € V one has a^ n )V = for sufficiently large n. 
Let Fields(V) denote the space of all fields on V. 
A vertex algebra is a vector space V with the following data: 

• a linear map Y : V — > Fields(V), V 3 a^t a{z) = ^„ eZ a(„)Z _ " _1 

• a vector |0) G V, called vacuum vector 

• a linear operator d : V ~> V, called translation operator 

that satisfy the following axioms: 

(1) (Translation Covariance) 

(da)(z) = d z a(z) 

(2) (Vacuum) 

|0)(z)=id; 

a(z)\0) £ V[z] and d(_i)|0) = a 

(3) (Borcherds identity) 

(2- 1 ) ^ f ■)( a (,n+j)b)( m +k-j) 

j>0 v 3 ' 

^X^ 1 )' 7 ( j ){ a {rn+n~j)b{k+]) - (-l) n 6(„+fc-j)a( TO+J )} 
j>0 KJ/ 

A vertex algebra V is graded if V = ®n>oV n and for a G Vi, b G Vj we have 

a^ k )b G Vi + j-k-i 

for all k G Z. (We put Vi = for i < 0.) 

All vertex algebras in this article will be graded. 

We say that a vector v G V m has conformal weight m and write A„ = m. 
If v G V m we denote Vk = v^ k _ m+1 j, this is the so-called conformal weight 
notation for operators. One has 

VkV m C Vm-lc- 
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A morphism of vertex algebras is a map f : V —> W that preserves vacuum and 
satisfies /(«(„)«') = f(v) {n) f(v'). 

A module over a vertex algebra V is a vector space M together with a map 

(2.2) Y M : V -> Fields(M), a -> 7 M (a, z) = ^ a^z""" 1 , 

raSZ 

that satisfy the following axioms: 

(1) |0} M (z)=id M 

(2) (Borchcrds identity) 

=E(- 1 ) J '("){< + ^')^) - (-1)"^^^} 

A module M over a graded vertex algebra V is called graded if A/ = ©„>oAf„ 
with VkMi C M;_fc (assuming M„ = for negative n). 

A morphism of modules over a vertex algebra V is a map / : M —> N that 
satisfies f(v^m) = vFsf(m) for wgy, m £ A/. / is homogeneous if f(Mk) C iV* 
for all fc. 

2.1.1. Commutative vertex algebras. A vertex algebra is said to be commutative if 
ar n )& = for a, b in V and n > 0. The structure of a commutative vertex algebras 
is equivalent to one of commutative associative algebra with a derivation. 

If W is a vector space we denote by H\y the algebra of differential polynomials 
on W. As an associative algebra it is a polynomial algebra in variables Xi, dxi, 
d^Xi, . . . where {xt} is a basis of W* . A commutative vertex algebra structure 
on Hw is uniquely determined by attaching the field x(z) = e zd Xi to x € W*. 

Hw is equipped with grading such that 

(2.4) (H w ) =C, (%)i =W*. 

2.1.2. Beta-gamma system. Define the Heisenberg Lie algebra to be the algebra 
with generators a l n , b z n , 1 < i < N and K that satisfy [a^,6^] = 5 m - n 5^jK, 
[<<]=0, [6* , «4] = 0. 

Its Fock representation M is defined to be the module induced from the one- 
dimensional representation Ci of its subalgebra spanned by a^, n > 0, b l m , m > 
and K with K acting as identity and all the other generators acting as zero. 

The beta-gamma system has M as an underlying vector space, the vertex algebra 
structure being determined by assigning the fields 

a*(z)=^<z— \ &<(*) = 

to a^jl and 6 1 resp., where leCi. 

This vertex algebra is given a grading so that the degree of operators a l n and b\ L 
is n. In particular, 

JV 

(2.5) M = C[bl, bg], Mi = 0(^1^0 © ai x M ). 

3=1 

2.2. Vertex algebroids. 
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2.2.1. Definition. Let V be a vertex algebra. 

Define a 1-truncated vertex algebra to be a sextuple (Vb © V\, |0), 9, (_i), ( ), (i)) 
where the operations (_i),(o)j(i) satisfy all the axioms of a vertex algebra that 
make sense upon restricting to the subspace Vq + V\. (The precise definition can 
be found in [GMS1]). The category of 1-truncated vertex algebras will be denoted 
Vert<i. 

The definition of vertex algcbroid is a reformulation of that of a sheaf of 1- 
truncated vertex algebras. 

Let (X, Ox) be a space with a sheaf of C-algcbras. 

A vertex Ox -algebroid is a sheaf A of C- vector spaces equipped with C-linear 
maps 7r : A — > Tx and d : Ox — > A satisfying ir o d = and with operations 



(_i) : Ox x A — > A, (o) : Ax A — > A, (i) : Ax A — > Ox satisfying axioms: 

(2.6) /(_!)(</(_!)«) - {fg) { -i)V = 7r( V )(/) ( _ 1) a( 5 )+ 7 r( U )( 5 ) ( _ 1) a(/) 

( 2 -7) X(o)(/(_i)2/) = ?r(a;)(/)(_i)3/ + /(_i)(ar(o)2/) 

(2.8) x {0) y + y {0) x = d{x {l) y) 

(2.9) = fw{v) 

(2-10) (/(-i)^)(i)y - f(x (1) y)-n(x)(7r(y)(f)) 

(2-11) 7r(w)(a; ( i ) y) = (u (0 )a;)(i)j/ + x^(v^)y) 

(2-12) 9(/ 5 ) = / ( _ 1) 5( 9 )+ 5( _ 1) 9(/) 

(2-13) t; (0) a(/) = S(tt(«)(/)) 

(2.14) = 7r(t;)(/) 

for v, x,y € A, /, g € Ox- The map tt is called the anchor of .4. 

If V = ©„> V n is a (graded) sheaf of vertex algebras with Vq = Ox, then 



A = Vi is a vertex algcbroid with 9 equal to the translation operator and tt sending 
x £ Vi to the derivation / i— > x^f. 

2.2.2. Associated Lie algebroid. Recall that a Lie algebroid is a sheaf of Ox-modules 
C equipped with a Lie algebra bracket [, ] and a morphism n : A — > Tx of Lie algebra 
and Ox-modules called anchor that satisfies [a;, ay] = a[x, y] + n(x)(a)y, x,y S A, 
aeO X - 

If A is a vertex algebroid, then the operation ( ) descends to that on La = 
A/Ox(-i)dOx and makes it into a Lie algebroid, with the anchor induced by that 
of A. is called the associated Lie algebroid of A. 

2.2.3. A vertex (rcsp., Lie) algcbroid is transitive, if its anchor map ir is surjective. 
Being a derivation, see (2.12), d : Ox — > A lifts to Cl x -> A. It follows from 

(2.14) that if A is transitive, then il x ~ Ox<-i)dOx and A fits into an exact 
sequence 

— >n x — >A — > £ — > 0, 

C = La being an extension 

— > t){L) — s- £ — > T x — ► 

where f)(£) := ker(£ 7v) is an Ox-Lie algebra. 

Note that the pairing m on induces a symmetric /^-invariant Ox-bilinear 
pairing on q(Ca) which will be denoted by (, }. 
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We regard the pair (Ca, (,)) as "classical data" underlying the vertex algebroid 

A. 

2.2 A. Truncation and vertex enveloping algebra functors. There is an obvious trun- 
cation functor 

t : Vert -> Vert<i 

that assigns to every vertex algebra a 1-truncated vertex algebra. This functor 
admits a left adjoint [GMS1] 

u : Vert<i — > Vert 

called a vertex enveloping algebra functor. 

These functors have evident sheaf versions. In particular, one has the functor 

(2.15) U : VertAlg — >• ShVert 

from the category of vertex algcbroids to the category of sheaves of vertex algebras. 

2.3. Courant algebroids. We give a definition of a Courant algebroid following 
[Bre]; see also [LWX]. 

A Leibniz algebra over A: is a k- vector space A with a bracket [, ] : A ®k A — > A 
satisfying 

[x, [y,z]\ = [[ x -,y]-,A + [v, [x,z]]. 

The bracket is not assumed to be skew-commutative. 

A Courant Ox -algebroid is an Ox-module Q equipped with 

(1) a structure of a Leibniz C- algebra [ , ] : 6®c2-> Q , 

(2) an Ox -linear map of Leibniz algebras (the anchor map) ir : Q — > Tx , 

(3) a symmetric Ojf -bilinear pairing (, ) : Q ®o x Q ~ > ®x , 

(4) a derivation d : Ox -> Q 
which satisfy 



(2.16) tto5 = 

(2.17) [«i,/<&]=/[9i,«a]+7r(«i)(/)g 2 

(2.18) <[?,?i],«a> + <9i, =7r(g)((?i, ft)) 
(2-19) [q,d(f)} = d(n(q)(f)) 
(2-20) (q,d(f)} = ir(q)(f) 
(2.21) [<?i,g 2 ] + [92,<?i] = 3« g i jg2 )) 



for / G Ox and q, q ll q 2 G Q. 

A morphism of Courant Ox-algcbroids is an 0^ -linear map of Leibnitz algebras 
which commutes with the respective anchor maps and derivations and preserves 
the respective pairings. 

A connection on a Courant algebroid Q is an Ox-hnear section V of the anchor 
map such that (V(£), V(ry)) = 0. 

If Q is a Courant algebroid, then Cq = Q/OxdOx is a Lie algebroid; it is called 
the associated Lie algebroid of Q. The pairing (, ) on Q induces a £g-invariant 
pairing on q(Cq) which will be denoted (, ). 
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2.4. The category of vertex extensions. Let £ be a transitive Lie algebroid. A 
vertex extension of C is a vertex algebroid A with an isomorphism of Lie algebroids 
4> : Ca — > >C. In what follows we will always identify Ca and C via </>. 

A morphism of vertex extensions of £ is a morphism of vertex algebroids / : 
A — > A! which induces the identity map on C. Thus / fits into a diagram 

o ► n x > a > c > o 

II 1' II 

o > n x > A' > c > o 

Vertex extensions of C on A form a category V£xtc(X); clearly, it is a groupoid. 

One can consider the category of vertex extensions of C\jj on U for any open 
subset U C A. These categories with the obvious restriction functors form a stack 
on the Zariski topology of A, to be denoted V£ xt^ 

Let A be a vertex extension of C. Denote qa '■= ker(7r : A —} Tx)\ it is an 
extension 

o > n x ► g A ► q > 

It is easy to see that the operation m satisfies Qa(i)^ 1 = 0, and, therefore, induces 
a (symmetric, Ox-bilinear) pairing 

(, ) : gxg^O x 

If / : A — > A' is a morphism of extensions, / induces the identity map on g; it also 
preserves Therefore A and A' must have the same pairing (, } on g. It follows 
that the groupoid V£xtc(X) is a disjoint union 

V£xt c (X) = Y[ V£xt { £ (A) 

where V£xt^ (A) is the full subcategory of vertex extensions of C whose induced 
pairing on q is (, ). Such extensions will be called vertex extensions of (£, {, )). 

Similarly, we define the notion of a Courant extension of C on A and that of a 
morphism of Courant extensions, the categories C£xt^ (U) and C£xt^ ([/), U C A. 

2.5. Chiral differential operators. Vertex extensions of Tx are called exact ver- 
tex algebroids. Their vertex enveloping algebras, sheaves of chiral differential oper- 
ators (CDO). were first introduced in [MSV] and classified in [GMS1]. Let us recall 
the main classification result. 

Let us call a smooth affine variety U = Spec^4 suitable for chiralization if Der(A) 
is a free ^.-module admitting an abelian frame {ti, ...,r„}. In this case there is a 
CDO over U, which is uniquely determined by the condition that (Ti)m(Tj) = 
(Ti)( )(Tj) = 0. Denote this CDO by D c j} l T . 

Theorem 2.1. Let U — SpecA be suitable for chiralization with a fixed abelian 
frame {t;} C DerA. 

(i) For each closed 3- form a € Q, 3 ^ 1 there is a CDO over U that is uniquely 
determined by the conditions 

(n)(i)T 3 = 0, (r i ) (0) r i = L Tl L T] a. 

Denote this CDO by T>u^ T (a). 

(ii) Each CDO over U is isomorphic to T>u iT {a) for some a. 
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(Hi) T>jj,t(c(i) and T>u,t{ol2) are isomorphic if and only if there is (3 G Q,\ such 
that dfJ = a\ — 012- In this case the isomorphism is determined by the assignment 

n H-> Ti + L Ti f3. 

If A = C[xi, x n ], one can choose d/dxj, j = l,...,n, for an abelian frame 
and check that the beta-gamma system M of sect. 2.1.2 is a unique up to isomor- 
phism CDO over C n . A passage from M to Theorem 2.1 is accomplished by the 
identifications b J l = Xj, cr^l = d/dxj. 

3. Classification of transitive vertex algebroids 

In this section we present a classification of transitive vertex algebroids in the 
spirit of [Bre]. 

First we recall the definition of a C/r(r^' 3> )-gerbe given in [GMS1]; one of the 
results of [Bre] is that VSxt^ is a Gr(fl l x ' )-gerbc. 

In section 3.3 we describe the core tool of the classification method: the "addi- 
tion" operation on various algebroids. It enables us to construct a vertex extension 
starting from a Courant extension and an exact vertex algebroid. With this tool in 
hands we are able to compute the class of the stack VSxt 1 ^ (Theorem 3.14). 

3.1. Gerbes and torsors. 

3.1.1. Twisting by a 3-form. Let A = (A, (-1), (o)i (i)> d, it) be a vertex extension 
of C on U C X and let a S il 3 ' cl (U). Define an operation (o)+ a : -A x A — > A by 

(3.1) X{Q)+ a y = X(o)V+ in{x)^%{y)Oi 

Lemma 3.1. Let a E n 3 cl (U). Then: 

(1) A + a := (A, (_x) , (o)+qj (1)7 7r) is a vertex extension of £ on U . 

(2) The assignment A M> A + a can be extended to an auto- equivalence 

(3.2) ? + a : V£xt { £ VSxt^ 

Proof. The proof of (1) is the same as in the case of cdo ([MSV, GMS1]) or 
Courant algebroids ([Bre]). To see (2), note that every morphism / : A — > A! is 
automatically a morphism A + ot — > A! + ot\ this tautological action on morphisms 
makes ? -j- a a functor; the composition (? + (— otj) o (? -f- a) is the identity functor 
ofV£xt { c } . □ 

It is clear that the functors ? + a, a £ n 3 ' cl (U) define an action of the abelian 
group Q 3 ' cl (U) on the category V£xtc(U). Let us show that this action in fact 
extends to an action of a category. 

For an open subset U C X define a category Qr(Q^ 2 ' 3> )(U) as follows. The 
objects of Qr(^ 2 ' 3> )(U) are elements a G Q 3 > cl (U); the morphisms 

Hom(a, a) = {/? G Q 2 (U) : d/3 = a' - a} , 

the composition being the addition in Q 2 (U). 

It is clear that Gr(^ 2 ' 3> )(U) is a groupoid. The groupoids Gr(^ 2 ' 3> )(U) form 
a prestack Qr(fl^' 3> ); the addition of 3-forms gives it the structure of a Picard 
prestack. See [D], section 1.4 for generalities on Picard stacks. 

For / : A — > A' and j3 : a — > a' define 

(3.3) (f + (3)(x) = f(x) + i Ax) j3 
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Proposition 3.2. (1) f + j3 is a morphism of vertex extensions 

f + P : A + a^ A' + a' 

(2) The formulas (3.2) and (3.3) define a functor 

+ : V£xt c (U) x gr(n [2 < 3> ){U) — > V£xt c (U) 

which gives rise to an action of Qr(Q^ 2 ' 3> )(U) on V£xtc{U) 

The verification is, again, straightforward and repeats the analogous discussion 
in [GMS1]. □ 

3.1.2. (O 2 -> Sl 3 < cl )-gerbes. We will say a stack S over X is a gr(n l ^' 3> )-gerbe if 

there is an action + : 5x Qr(Cl x ' 3> ) — » S and a cover it = {Ui} ieX such that for any 

iGlandie S(Ui) the functor x+1 : g r (n x ' 3> )(U) -> 5(C7) is an equivalence. 
(In other words, 5 is a torsor over the associated stack). 

Theorem 3.3. [Bre] The stacks VExtty and C£xt^ , when locally nonempty, are 
gr{^P^>)-gerbes. 

Remark 3.4. The categories Qr(fl^ 2 ' 3> )(U), U C X form a Picard prestack (c/.[D], 
section 1.4.11) whose associated stack is the stack of (f2 2 — > il 3 ' cl )-torsors. 

What Brcssler shows in [Bre] is that this stack is equivalent to the stack EC Ax of 
exact Courant algebroids, and that the stacks V£ xt£ , C£xt^ are, in fact, £CAx~ 
torsors. 

Observe that for V£xt^ being a t/r(fil 2 ' 3> )-gerbe means that for small enough 
U C X and A G VExtty one has an equivalence 

A+? : Gr(n^ 3> )(U) -¥ V£xt ( c } (U) 

In particular, there is an isomorphism 

Hom(a, a') ~ Hom(.4 + a, A + a) 

Under this isomorphism, an element j3 6 fl 2 with d/3 = a 1 — a, is mapped to the 
morphism (cf. (3.3)) 

(3.4) exp(/3) := id +/3 : x^ x + l^^/3 

The same is true for Courant algebroids and we will use the notation exp(/3) in 
both cases. 

3.1.3. The class of a gerbe. Let S be a C/r(fj[ 2,3> )-gerbe and it a cover as in 3.1.2. 
Let us choose an object Xi € S(Ui) for each i. For each pair i,j we have objects 
Xiluu and Xj\u tj , and therefore, an isomorphism 

(3.5) T]ij : x^u^ ->• Xj\ Utj + aij 

for some a^- S f2 3,cZ . 

The collection (xi,T)ij,aij) is called a trivialization of 5. 
We will denote by the same letter rjij all of its translates 

Vij + id 7 : x i\un + 7 -> Zjkj + ("y + 7) 

for 7 £ ft 3 < cZ ([/ ; ). 
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For each triple i,j 7 k consider the composition (over Uijk = UiC\ Uj n Uk) 

VjkVijVik '■ x k > £j + (-«ifc) > Xj + \oiij - a ik ) > x k + (a^ + ay 

and denote by the element of f2 2 (Uijk) such that 

(3.6) VjkVijVTk = ex P(ftjfe) 
One checks that 

(3.7) rfcAjfc = 0, d DR (pijk) = dgicxij), d D R{otij) = 

so that the pair (c%, is an element of Z 2 (ii, Vi 2 — »■ fi 3 ' d ). 

By definition, the cZass of 5, cl(S), is the class of (ctij,(3ijk) in H 2 (X,fl 2 — > fl 3 ' cl ). 
One has the following classical result (cf., e.g., [GMS1] for a proof). 

Proposition 3.5. S(X) is nonempty if and only if cl(S) = 0. □ 

3.2. The stack CSxt 1 ^ . As an example, and for future use, we recall the construc- 
tion of a trivialization of the stack CSxt^ given in [Bre]. 

Let us choose a cover it = {Ui} such that Tjji is free, choose connections (Ox- 
linear sections of the anchor map) 

Vi : Tu t -»• Cu, 

and identify Cjj i ~ 7~Ui © QUi via V,. 

Define c; = c(V;) G r2^ c ®e> QUi to be the curvature of the connection V.;, i.e. 

c i (f,»7) = [V i (0,V < (»/)]- ViQf, 77]) 

Recall the following 

Theorem 3.6. [Bre] Let U <Z X and V : 7[/ — > £[/ is any connection. 

Then the category C£xt^ (U) is nonempty if and only if the form — (c(V) Ac(V)) 
is exact. 



Assume that 

5<c(Vi) Ac(Vi)) = dfli 

for some Hj G r2 3 . Then one can construct a Courant extension Qv»,i?»j which is 
equal to C\j i © fi^. as a sheaf of Cy-modules, and satisfies 

(3.8) [t,rj\ = [t,nU + tfrHi, Z,n G Tu,, 

(3.9) <8,nir>=<fl,Vi(7Er)>=0, 
(3-10) [e,5] = [V i (0,flk-MVO,5). 

For each i , j define 
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Theorem 3.7. [Bre] There exists an isomorphism in 

(3.11) % : Qv .// Qv .// + OHj 

given by 

^e + A tJ (e)-i(^-(o,^) 



2 

(3 - 12) g^g-faAij) 

where 

(3.13) ay = (c(V<) A Ay) - i([Vi, Ay], Ay) + i([Ay, Ay], Ay) + fl, - H s 

The collection (Qvi,i?») > <^y) is a trivialization of the gerbe CExtft . 

On triple intersections C/y-fc = L/j Pi ty Pi Uk the isomorphisms fly satisfy ([Bre]) 

(3.14) 0jkMrt = ex P(- < A 4* >) D 
Define /3y fc = - < Ay A A jfe >. 

Then (ay, /3yfc) is a cocycle in Z 2 (ii, £l 2 x — > rt^ cl ). The corresponding cohomol- 
ogy class was identified in [Bre] with minus one half of the first Pontryagin class 
Pi (£,(,)) of(C,(,) . 

Theorem 3.8. [Bre] This class is the class of the stack CSxt^ : 



cl{C8xt^) = -\ Pl {C 1 {,)). 



3.3. Linear algebra. In this section we describe the main tool in the proof of the 
classification result: we define linear algebra-like operations on various algcbroids. 
The main technical result to be proved in this section is as follows. 

Theorem 3.9. Let U be suitable for chiralization. 
Then there exist a functor 

B : C£xt^{U) x CVO{U) — > VSxt^iU) 

(Q, v) ^Qmv 

and a functor 

B : VSxt^iU) x CVO{U) — ► CSxt^ (U) 
(A, V) ^ A B V 
such that for a fixed T> € CT>(D(U) the functors 

-BV: V£xt ( ^ (U) CSxt^ (U) 

and 

-BV: CSxt^ (U) -> VSxt^ (U) 
are mutually inverse equivalences of C?r(il[ 2 ' 3> (U)) -tors or s. 

In fact, the functor B was defined in [Bre], together with several versions of B 
defined for various algebroids. Our B is just an extension of Brcsslcr's definition. 
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3.3.1. Addition. Let Q be a Courant extension of C and T> a cdo. 

We describe how to define a vertex extension of C which can be though of as a 
"sum" of these two structures; the construction parallels that of the Baer sum of 
two extensions. 

First, consider the pullback A := Q x-j- T> so that a section of A is a pair (q, x), 
q G Q, x G T> with 7r((7) = 7r(a;). 

A and (o), (i) : -4 x A — > A as follows: 
(ag,a ( _i)x) 



Define operations 

(3.15) a^ 1} (q,x) 

(3.16) (q,x) {0) (q',x') 

(3.17) (g, 20(1)0?', a;') 

(3.18) v((q,x)) 

(3.19) <9a 



( [q,<i']q,X(o)x') 
(q,q) +X(t)X*, 
ir(q) = ir(x), 
(da, 0) 



Note that A contains two copies of Or, one from Q and the other from V. 

Let us define Q EB V to be the pushout of A with respect to the addition map 

:0 1 xfi 1 — >r2 1 so that one has the following 

n 1 ©ft 1 > 34 - 



o 







ft 1 



-> Qffl2? 







-> 



Alternatively, QST> fits into the diagram 
> fl©^ 1 >■ A 



■+ 73 















-> QEB2? 



-> 



where the rows are exact and the left square is a push-out square. 

Theorem 3.10. The operations (3.15 - 3.19) make sense on QEB2? and give it the 
structure of a vertex algebroid 

Proof. The verification is straightforward. As an example, let us show that 
(2.10) is satisfied. 

For / G O x , q G Q, v G V , one has: 

if(-l)(q,v))(i)(q',v') = ifqj(-i)v) {1) {q',v') = (fq,q'} + (/(_i)«)(i)u' 

= /<?, ?'> + /(«(!)«') - TT^TT^OC/) = /((?, «)(!) (?', «')) - "JMtf, «'))(/) 

□ 

Note that the assignment (Q, 2?) H» Q EH 2? is naturally a functor 



CExt^iU) x CVO(U) 



VSxt^iU) 



Indeed, let / G Homc£ X t(Q, Q'), f G HomcvoCD, V ). In particular, / and g are 
maps over T, so (/, g) takes Qx T V <Z QxDto Q' X7- V . Since / and g act as 
identity on the subsheaf Q 1 , (f,g) gives a well-defined map between the pushouts 
Q EB 2? -> Q' EB 2?' that will be denoted / EH g. Finally, it remains to note that the 
composition is "coordinate- wise" : 



(3.20) 



(/ffl<7)(/' ffl </)=//' I 



' 99 
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which implies that (/, g) t— > / B g is a functor. 

Let us note, among the elementary properties of this functor, the following: 

(1) for any a £ nfj cl , Q G CSxt^(U), P 6 CVOu one has the equalities 

(3.21) (QfflP) +a = QEB (P + a) = (Q + a) BP 

(by definition of -i-a the three parts of the equation have underlying sheaf 
Q S3 2?, one only has to check that the operations coincide). 

(2) one has the equality 

exp(/3) B idp = exp(/3) = idg B exp(^) 
in Homvg^iCQ B 2?, (Q B 2?) + d/3); more generally, 

(3.22) exp(/3') B exp(/3") = exp(/3' + /?") 

3.3.2. Subtraction. Let .A is a vertex extension of £ and P a cdo. In [Brc] it is 
described how to define a Courant algebroid .4, BP. Let us recall this construction. 

Let Q :— A Xy 2? so that a section of Q is a pair (u, x), v £ A, x <E P with 
7r(u) = tt(x). 

Define operations ■ : Qx_ xQ-> Q, [, ] : Q x Q Q, (, ) : Q x Q O x , 
7r : Q — > T, and 9 : Ox —> Q as follows: 



(3.23) a -(w,a:) := (ar_i\v, ar-i)x) 

(3.24) := (u(o)u', x^x') 

(3.25) : = v (i) v ' -%(i) x ' 

(3.26) ir((v,x)) := n(v) = ir(x) 

(3.27) 9a = (9a, 0) 



Define A B P to be the pushout of Q with respect to the subtraction map 

- : n 1 x n 1 -> n 1 . 

One can show that all operations defined above make sense on 4 B P. One has 

Theorem 3.11. flBre], Lemma 5.6) The sheaf ABT> with the operations defined 
above is a Courant algebroid 

3.3.3. Compatibility o/ffl and B. 
Theorem 3.12. I7ie functors 

-BP: C&c^Z/) -> V&ri^C/) 

and 

-BP: Cfxt^^t/) -> V&ttf^iJ) 
are mutually inverse equivalences of Qr(£l^ 2 ' 3> (U))-torsors. 

Proof. The compatibility of BP and BP with 0r(fl^ 2 - 3> ({/))-action follows from 
properties (3.21 - 3.22) and their obvious analogs for B. Let us construct the natural 
isomorphisms r\A'- -4 — (A B P) B P where A is a vertex extension of C and P is 
a cdo. 

Define 

Va(v) = ((y,x),x) 

where x € P is arbitrary. 
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To show r]A is well-defined note that for any x, y S T> with 7r(x) = 7r(y) = ir(v) 
we have x — y G fi 1 and 

((v, x),x) = ((v, (y-x)+y), x) = ((v, y)+(y-x),x) = ((v, y), x+(y-x)) = ((v, y),y) 
To verify t]a is a morphism we check 

a (-i)((v,x),x) = (a(v,x),a { _ 1) x) = ((d(-i)V, a^x), a^x) = n A {a ( ^ 1) v) 
((v,x), x)( 0) ((v',x'),x') = ([(v,x), (v',x')],X( )x') = ((v {0) v',x {0) x'),x {0) x') = Va(v(o)v') 
((v,x),x) (1) ((v',x'),x') = ((v,x),(v',x'))+x {1) x' = u^u'- x {1) x +x (1) x' = v m v' 
To check that 77^ is an isomorphism, one can check that the map ^ : (ABT>)SiV — > 
A, ((v, x), y) 1 ^ v ~\~ (y x). is a well-defined inverse to "J. (Note that every section 
((v, x),y) of (AST>)SV can be written as ((v, x),y) = ((v + (y — x), x + {y — x)) 1 y) — 
((u + (y — x), y), y) with v + (y ~ x) independent of the choice of representative 
{(v,x),y)). 

The construction of the natural isomorphisms 7Jq : Q — > Q ffl 2? B T> is analogous 
and left to the reader. □ 

The constructions of sections 3.3.1, 3.3.2 and Theorem 3.12 furnish the proof of 
Theorem 3.9. 

3.4. Classification. 

3.4.1. Local existence. Let U be suitable for chiralization and suppose V : Tu —> Cu 
is a connection. 

Theorem 3.13. Then the following are equivalent: 

(1) The category VSxt^ (U) is nonempty 

(2) The category C£xt^ (U) is nonempty 

(3) The Pontryagin form — (c(V) A c(V)) is exact. 

Proof. Since U is suitable for chiralization, there exists a CDO T> on X. Then 
(1) and (2) are equivalent due to the addition / subtraction operations: given a 
vertex extension A there exists a Courant extension Q = A B T> and vice versa, 
given Q one can produce a vertex extension A = QBiT). Finally, the equivalence 
of (2) and (3) is the content of Theorem 3.6. B 

3.4.2. The obstruction. 

Theorem 3.14. Suppose VSxt 1 ^ is nonempty. Then its class is equal to 

cl(V£xt { c } ) = -\px{C, (, )) + c/i 2 (0^) 

where p\(C, (, }) is the first Pontryagin class of a Lie algebroid C with pairing 
(,}• 

Proof. What we will be proving is the following: 

cl(VSxt { £ } ) = cl{C£xt ( ^) + cl(CVO{X)) 

This is indeed sufficient, in view of Theorem 3.8 and the fact that cl(CDO(X)) = 
ch 2 {n 1 x ) [GMS1, Brc] 

Let it be a cover of X by open subsets U suitable for chiralization. 
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Since VExt^ is nonempty, so is CExt^ . Suppose we are given a trivialization 
of the gerbc CVO and that of CSxt^ . 

In other words, we are given a CDO T>i and a Courant extension Qi on each Ui, 
as well as isomorphisms 

■ z><k„ — ►PjK +< 

and 

%:Q*k 3 — ►Q,K+ag 

where afj,a^ £ Q 3 ' cl (Uij), such that on triple intersections [T^ = C/j n E/j n E/fc 
one has 

<4 + c$ = <4, af j+ a%=af k , 

and 

(3.28) VjkVijVik = ex P (/3^), f^%^ = exp^gj, 

for some P$ k ,/3§ k € &(U ijk ) 

Then (a^j 1 , and (ag, /3g fc ) are cocycles representing the classes of the gerbes 
CZ?0.v and CExtty respectively. 

Now let us construct a trivialization of the gerbe VExt^ . Define 

A = Q l mv. l £VSxt^{u l ). 

One has the following isomorphisms: 

ffl Vi\ Uti (Qj + ag)!^ ffl (p. + = G,K ffl ^k, + (ag + <)) 

the latter being the identity on the level of vector spaces, by definition of ? + a (cf. 
sect. 3.1.1). 
Thus 

% ffl r)ij : ^ A + (ag + a^). 

The collection (A, (ag + a^j 1 ), % ffl is a trivialization of the gerbc VExt^ . 
Let us compute its class. 

On triple intersections U ijk = Ei* n Uj H U k we have (cf. (3.28), (3.20), (3.22) ) 

(6 jk ffl Vjk)(0ij ffl Vij)(Qik ffl f/ifc) -1 = 11 .1," ffl VjkVijVik 1 

(3.29) =exp(/?2 fc )fflexp(/3^.) 

= exp(/f fe +/^ fe ) 

(here, again, we slightly abuse the notation by writing 6ij for any of its translates 
under the action of £r(fi[ 2 ' 3> )). 

It follows that (ag + a-ij , Pfjf. + Pifk) ' l& a cocycle representing the class of the 
gerbe V£xt { £ . □ 



4. Deformation of twisted CDO 



4.1. Twisted chiral differential operators. In this section we recall the defini- 
tion of the sheaf D c ^' tw of twisted chiral differential operators (TCDO) correspond- 
ing to a given CDO V ch on a smooth projective variety X. 
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4.1.1. The universal Lie algebroid T tw ■ The Lie algebroid underlying TCDO is a 
"family of all TDO" . More precisely, the universal enveloping algebra V 1 ^ of T tw 
possesses the following property: for every A £ H 1 (X,fl x — > fl 2 x cl ) there exists 
an ideal m\ C T)^ such that the quotient 2?^" /m.\ is isomorphic to the tdo T>\ 
corresponding to the class A. 

Let us sketch the construction. 

Since X is projective, H 1 (X, fl x — > ft 2 x cl ) is finite-dimensional, and there exists 
an affine cover it so that H^il, fl x ft 2 / 1 ) = H l {X, fl x ft 2 / 1 ). 

Let A = H 1 ^, ft x -> fl x cl ). We fix a lifting H 1 ^, ft x -> ft 2 x cl ) — > Z^il, ft x ft 
and identify the former with the subspace of the latter defined by this lifting. Thus, 
each A £ A is a pair of cochains A = ((A^), (Af } )) with \\f £ fl^U, n U 3 ), 
A,f } £ ft 2 < cl (U t ), satisfying d D R^ = d c \ {2) and d^Xjj = 0. 

For A = (Ay , A' 2 ') £ A denote V x the corresponding sheaf of twisted differen- 
tial operators. One can consider T> x as an enveloping algebra of the (Picard) Lie 
algebroid T A = T>\ [BB2]. As an Ox-module, T A is an extension 

— ■» O x l — > T x — ► T x — ► 

given by (A^ ). The Lie algebra structure on Ty. is given by [£, T?]"^* = [£,rj\ + 
i £ i„A?l. and [1,7&] =0. 

Let {A*} and {Ai} be dual bases of A* and A respectively. Denote by k the 
dimension of A. 

Define T tw to be an abelian extension 

-> Ox ® A* -> Tx w -> 73c ->■ 
such that [A*, 7 - * 1 "] = and there exist connections V, : Tu i — > Tjj w satisfying 

(4.1) v i (0-v i (0 = E t ^ 1) (^j) A ? 

r 

(4.2) [V i (0,V i (r 7 )]-V i (K,r ? ]) = ^^^A( 2 )(C/ i )A: 

r 

It is clear that the pair (J~ tw : Ox <8> A* T*" 1 ) is independent of the choices 
made. 

We call the universal enveloping algebra T) 1 ^ = Uq x (T tw ) the universal sheaf of 
twisted differential operators. 

4.1.2. A universal twisted CDO. Let ch 2 {X) = and fix a CDO Vf. To each such 
sheaf one can attach a universal twisted CDO, T> c x ' tw , a sheaf of vertex algebras 
whose "underlying" Lie algebroid is T x w ■ Let us place ourselves in the situation 
of the previous section, where we had a fixed affine cover il = {Ui} of a projective 
algebraic manifold X, dual bases {A,} £ H 1 (X , fl [ x ' 2> ) , {A,*} £ H 1 (X , fl l x ' 2> )* , 

and a lifting H 1 (X, fi l x ' 2> ) -> Z^il, ft x ' 2> ). 

We can assume that Ui are suitable for chiralization. Let us fix, for each i, an 
abelian basis rf\r^\ ... of Y{U t , Tx )■ Then the CDO V ch is given by a collection 
of 3-forms £ T(Ui, ft x cl ) (cf. sect. 2.5, Theorem 2.1) and transition maps 
gij : T>'fj.\u in u j — > T>^ l .\u in u j . Let us as well fix splittings Tu t ^ Dfj 1 . and view g^ 
as maps : {Tu 3 © ^a^kinO; ->■ (7^ © ^[/Jl^nt/j 
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The universal sheaf of twisted chiral differential operators T> c x ,tw corresponding 
to T> x l is a vertex envelope of the Ox-vertex algcbroid A tw determined by the 
following: 

• A tw is a vertex extensions of (Tx",0); 

• there are embeddings Tu t Aut such that 

• the transition function from L/j to [/j is given by 

(4-3) <?17(£) = Stf(0 - E ^fcVi n U i)*k 

See [AChM] for a detailed construction. 

4.1.3. Locally trivial twisted CDO. Observe that there is an embedding 

(4.4) H\xM x d )^H\xMx 2> ) 

The space iJ 1 (X, £l x cl ) classifies locally trivial twisted differential operators, those 

that are locally isomorphic to T) x . Thus for each A G i? 1 (X, il x ci ), there is a 

o a 

unique up to isomorphism TDO T> x such that for each sufficiently small open 

o A 

(/Cl, T>x \u is isomorphic to T>jj. Let us see what this means at the level of the 
universal TDO. 

In terms of Cech cocycles the image of embedding (4.4) is described by those 
(A 1 - 1 ', A 1 - 2 )), see section 4.1.1, where — 0, and this forces A 1 - 1 ' to be closed. 
Picking a collection of such cocycles that represent a basis of 7J 1 (X, fl x cl ) we can 

repeat the constructions of sections 4.1.1 and 4.1.2 to obtain sheaves J~ x an d 

ch : tw 

T>x ■ The latter is glued of pieces isomorphic (as vertex algebras) to Vy 1 ® H x 
with transition functions as in (4.3); here Hx is the vertex algebra of differential 

° ch ' tw 

polynomials on H (X, Q x c ). We will call the sheaf T>x the universal locally 
trivial sheaf of twisted chiral differential operators. 

4.2. TCDO on flag manifolds. Let us see what our constructions give us if 
X = P 1 . We have P 1 = C U €«,, a cover it = {C ,Coo}, where C is C with 
coordinate x, Coo is C with coordinate y, with the transition function x i— > 1/y over 

c* = c nc oo . 

Defined over Co and C M arc the standard CDOs, D£ h and . The spaces of 
global sections of these sheaves are polynomials in d n (x), d n (d x ) (or d n (y), d n (d y ) 
in the latter case), where d is the translation operator, so that, cf. sect. 2.5, 

{dx)( )X = (d y ) {0) y = 1. 

There is a unique up to isomorphism CDO on P 1 , V^fl ; it is defined by gluing T>^ 
and V^l over C* as follows [MSV]: 

(4.5) x i ^ 1/y, d x i ^ (-fy)(_i)(i/ 2 ) - 29(x). 
The canonical Lie algebra morphism 

(4.6) sh ^r(p 1 ,r P o, 
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where 

(4.7) e i y d x , h i-» -2x9 r , / h-> -x 2 ^, 

e, /i, / being the standard generators of SI2, can be lifted to a vertex algebra mor- 
phism 

(4.8) V. 2 (sl 2 )^T(¥\V^), 
where 

e ( -i)|0) (->■ <9 X , 

(4.9) fy-i)|0) ^ -2(9x)(-i)a: ) 
/ ( -i)|0)^ -(Q,)^)* 2 - 20(a). 

The twisted version of all of this is as follows ([AChM]). 
Since dimP 1 = 1, 

so all twisted CDO on P 1 are locally trivial. Furthermore, H 1 (P 1 , Q^f ) = C and 
is spanned by the cocycle Co D C-o h-> dx/x. We have J? P i = C[A*,d(A*), ....]. Let 
T>^' tw = 2?£o ® -Hp 1 7 'D'c ! f W = ^ct, ® anc ^ define "D^' tw by gluing V^ tw onto 
£> c ^ via 

(4.10) A* ^ A*, ih 1/y, 9, ^ -(a y ) ( _i)y 2 - 25(i/) + y ( -i)A*. 
Morphism (4.8) "deforms" to 

(4.11) F_ 2 (.sZ 2 )^r(P\2^< ta ), 
(4.12) 

e ( _i)|0> ^ 9„/i(-l)|0) ^ -2(a x )(_ 1) x+A*,/ ( _ 1) |0) ^ -(9 ;E ) ( _ 1):c 2 -29(a;)+a; ( _ 1) A* 

Furthermore, consider T = e(_i)/(_x) + /(_i)e(_i) + \/2h(-\\h <G V_2(s?2)- It 
is known that T <E 3(^-2(^2)), the center of V- 2 (sZ 2 ), and in fact, the center 
3(^-2(^2)) equals the commutative vertex algebra of differential polynomials in T. 
The formulas above show 

1 

2' 

All of the above is easily verified by direct computations, cf. [MSV]. The higher 
rank analogue is less explicit but valid nevertheless. 

Let G be a simple complex Lie group, B C G a Borel subgroup, X = G/B, 
the flag manifold, g = Lie G the corresponding Lie algebra, f) a Cartan subalgebra. 
One has a sequence of maps 

(4.14) f)* -> f^x,^) -> ff^jf.n^ -> o 2 ^). 

The leftmost map attaches to an integral weight A G P C f)* the Chern class 
of the G-equivariant line bundle = G x 3 Ca, and then extends thus defined 
map P — > H 1 (X, f2^° Z ) to f)* by linearity. The rightmost one is engendered by the 
standard spectral sequence converging to hypcrcohomology. It is easy to verify that 
both these maps are isomorphisms. Therefore, 

(4.15) r ^ h\x, n 1 / 1 ) ^ h\x, n\ -+ nY), 

and each twisted CDO on X is locally trivial. 



(4.13) T ^ - d(\*) e H r 
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Constructed in [MSV] - or rather in [FF1], see also [Fl] and [GMS2] for an 
alternative approach - is a vertex algebra morphism 

(4.16) V. h v(g)^T(X,Vf). 

Furthermore, it is an important result of Feigin and Frenkel [FF2], see also an ex- 
cellent presentation in [Fl], that V_h v (fl) possesses a non-trivial center, $(V_h v (fl)), 
which, as a vertex algebra, isomorphic to the algebra of differential polynomials in 
rkg variables. 

Lemma 4.1. [AChM] Morphism (4-16) "deforms" to 

p: V- h iQ)^T{X,vf tw ). 
Moreover, p(}(V- h v (g))) c H X - 

4.3. A deformation. 

4.3.1. Motivation: Wakimoto modules. Let X = G/B- be a flag variety and U = 
NB- C X the big cell of X. 

In virtue of Lemma 4.1, the sections T(JJ,T>° x ' tw ) become a V-h v (fl)-module, 
hence a g-module at the critical level. Following [FF1, F2], we call T{U^'D c ^' tw ) a 
Wakimoto module of highest weight (0, — ft. v ), to be denoted Wo.-h v ■ 

By construction Wo,-h v = T> ch {U)®Hx- In fact, Feigin and Frenkel proved 
[FF1] that there exists a whole family of g-modules 

W , k -h- =V ch (U)®H k 

where Hk is the Heisenberg vertex algebra associated to the space f) with bilinear 
pairing k(, }o, i.e., k times the canonically normalized Killing form. The g-module 
structure is defined by a vertex algebra morphism 

V k - h v( Q ) ^V ch {U)®H k 

and thus, Wo,fe-/i v is a g-module of level k — h v . 

When the level is critical, Wo,-h v = T(U e , X> c ^' tw ) One might ask whether 
sheaves with an analogous property exist for Wakimoto modules at a non-critical 
level. To be more precise, we are interested in a sheaf V of vertex algebras such 
that: 

• its sections on the big cell U and its VF-translatcs are isomorphic to the 
tensor product of vertex algebras T> ch (A dlmB ^ b ) <S>iffc, for nonzero k; 

• the associated Lie algebroid of V is the universal tdo T tw . 

In other words, V is a vertex extension of the pair (TqJ b , k(,)o) 

We show that such sheaves do indeed exist on G/B; moreover, the construction is 
rather general and can be carried out for any variety. We call the obtained sheaves 
the deformations of TCDO or deformed TCDO; deformations because they depend 
on (, ) as a parameter, with (, ) = corresponding to a TCDO. 
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4.3.2. Definition. The discussion above suggests the following definition. 

Let X be a smooth projective variety and T tw the Lie algebroid underlying the 
universal TDO (cf. section 4.1.1). Recall that T x w fits into an exact sequence 

-> Ox ® A* -> 7£" -> 73c -> 

where A = ^(X, fl 1 -> Q 2 ' cl ). 

Let us fix a symmetric bilinear pairing (, ) : A* x A* — > C and extend O x -linearly 
to O x A*. 

Definition 4.2. We will say that a sheaf V is a (, ) -deformation of TCDO if V is 
a vertex extension of the pair (T x w , (,))■ 

Without specifying (, ), a deformation of TCDO is just a vertex extension of the 
Lie algebroid T x w ■ 

Being vertex extensions, (, }-dcformations form a stack, to be denoted 

TCVO x } := V£xt% 

4.4. Classification of deformations. We apply the results of sections 3.4.2. 
Theorem 3.14 implies that, when TCDO x is locally nonempty, its class is equal 

to 

cl(TCVO { x } ) = cl(C£xt { T L) + ch 2 (fl x ) 

We are going to use the description of d{C£xv^ t w) given in section 3.2. 

Let us work in the setup of sections 4.1.1, 4.1.2. Thus, we pick a basis {A r } 
of H^X^x -> n 2 x cl ), a dual basis {A,*} in H 1 (X,Q 1 X -> n 2 x cl ), and a lifting 
ff^X,^ -> tt x cl ) -> ^(X, -> fi^ c '), so that each A r is a pair of cochains 

{\ { r\\ ( r ] ) en" 1 ^) xn^'tc). 

By construction, the Lie algebroid 7^" admits connections V, : Tu t — > 7y- w such 
that 

(4.17) ^-Vi-V^-A^ 1 ^) 
(summation over repeated indices is assumed) and 

(4.18) c(V i ) = -A^ 2) (C/ i ) 

Theorem 4.3. Lei () be a symmetric bilinear form on O x ®A*. Then: 

(1) {) -deformations exist locally on X if and only if the J^-form 

(4.19) (a;,a:)a( 2 )([/ 1 )aa( 2 )([/ 4 ) 

is exact; 

(2) 

(2) Assume (1) and pick, for every i , a 3- form Hi such that 2dHi = (A*,A*)Ar (Ui)/\ 
Ai 2) (C/ 4 ). Denote 

oaj = \{K,K) (^ 2) m + XfHUij) A xi'Hu^) + Hi - H 3 

and 

Then a global (, )-deformation exists if and only if the class of the cocycle (ctij,f3ijk) 
in H 2 (X,£l x — > fl x cl ) is equal to —chziflx) (minus second graded piece of Chern 
character of £l l x ). 
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Proof. (1) Follows from Theorem 3.13, since the 4-form (4.19) is just the Pon- 
tryagin form w(c(Vj) A c(V,)) for the Lie algebroid T x w ■ 

(2) Using the connections V, (and formulas (4.17), (4.18)) in the construction 
of the section 3.2 one verifies that the cocycle (ay , Pijk) represents the class of 
C£xti^ tw . The statement follows immediately from Theorem 3.14 and the fact that 
cl(CVO) = ch 2 (n x ) [Bre]. □ 

Remark 4.4. In the presence of CDO, the classification problem for deformed TCDO 
becomes one for Courant extensions of (T^ 1 ", (, )), as any CDO V ch defines an 
equivalence of stacks over X 

? ffl V ch : CExt% TCVO { ' } . 

4.5. Deformations of locally trivial TCDO. Recall from section 4.1.3 that 
locally trivial TCDO are constructed in the same way as TCDO by consistently 
replacing H l {X, ft 1 — > fl 2 ' cl ) with H l {X, f2 1,c '). In particular we construct a Lie 

algebroid J~ . 

We define the corresponding versions of deformations as follows. A locally trivial 
deformed TCDO is a vertex extension of "Y .A locally trivial (,) -deformation of 

TCDO is a vertex extension of (j~ ,(,)). 

The locally trivial (, }-deformations form a stack TCVO 1 "' ),lt . 
Theorem 4.3 has the following analogue in the locally trivial case: 

Theorem 4.5. Let () ^= be a symmetric T -invariant bilinear form on Ox <S>A*. 
Then: 

(1) {} -deformations exist locally on X. 

(2) every (, )-deformation ' * is locally isomorphic to T>ff (gi Hq where D^ 1 is 
a CDO and is a Heisenberg vertex algebra associated to the space H 1 (X, Q, 1 ' 01 )* 
with the bilinear form (,). 

(3) Denote 

I3 ijk = (X^X^XKUij) AXl(U jk ) 
and let [(0, (fajk))} stand for the class of (0, (Ajfc)) « H 2 (n 2 -> ^ 3 - c/ ). 
Then the class of TCVO { ' )M in H 2 (fl 2 fl 3 > cl ) is given by 

ci(TCvo { ^ lt ) = ch 2 (n x ) + [(o, (p ijk ))) 

Q tw 

Proof. (1) By construction, the Lie algebroid "f admits flat connections Vj : 

Tiji -^T x Wi, which implies (c(Vi) A c(V^)) = 0. The local existence now follows 
from Theorem 3.13. 

(2) Suppose V is a flat connection on an open set U C X, and let Q = Qv,h be 

a Courant extension of T over U (cf. 3.2). 

Then Q ~ Tu ® {O u ®H 1 {X, fl 1 ' 01 )) © ^ and since c(V) = one immediately 
observes from (3.9) and (3.10) that the constant subsheaf H 1 (X,il 1 ' cl )* "decou- 
ples" . It is clear from the construction, that it stays decoupled in Q ffl T>, for any 
cdo V on U. It has a structure of a Courant (equivalcntly, vertex) algebroid over 
Spec(C) whose vertex envelope is the algebra Hq. 
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(3) The proof is identical to that of Theorem 4.3, Part (2). □ 

4.6. Deformed TCDO on P 1 . This is a continuation of Example 4.2. 

Recall that we are using standard coordinate charts Uq and U\ so that P 1 = 
f/oU!7i with £ Uq, oo S U\ and coordinate functions x : Uq — >• C and y : U\ —¥ C 

with x = —. Denote 

y 

dy dx 
y x 

a cocycle representative of a generator of 1-dimensional 7J 1 (P 1 , Q}' cl ). 
By definition, 

(4.20) %™ = T Ut ® Ut \\ i = 0, 1, 

with Lie bracket defined by [£, 77] £ = [£, rj\, [£, aA*] = £(a)A*. 

Let Vi : 7[/; — >• l~jj w , i = 0, 1 be the canonical inclusions. The formula (4.17) in 
this case reads as 

(4.21) Vl -V = ^A*, 

y 

which dictates the following gluing map g i : 7i w \c ~~ > 7q w \c* 

(4.22) £ ^ £ + i c A • A* 

A* i y A* 

In the chosen coordinates, it is d y = —x 2 d x + xX* . 

4.6.1. The deformed TCDO. We wish to construct a vertex extension of (Tpl" , ()}, 
where (, ) is a symmetric T ttu -invariant O-bilinear pairing on g(T tw ) — Ox CS> H 1 (X, il 1 — > 
il 2 )* = O • A*. In this case it is determined by a number k € C assigned to (A*|A*). 
Let us fix fc and assume k ^ (fc = corresponds to the usual TCDO). 

Since dimP 1 = 1, 9. 1 = for i > 1, in particular ^'(P 1 ,^ 2 ->■ 3 - d ) = for all 
i. Therefore there exists a unique vertex extension for any pair (£, (,)). Let .A'™ 
denote the vertex extension of (7^™, (,)). 

Denote by Hp} the Heisenberg vertex algebra generated by a filed A* satisfying 
A* ( i)A* = (A*, A*), A* (n) A* = 0,n ^ 1. Theorem 4.5 describes Aff locally: one 

has isomorphisms of vertex algebras {A^Ut — 'Dff.QH^}, i = 0,1. Some global 
information is provided by the following 

Theorem 4.6. (1) There are isomorphisms 4>i ■ •A$\\u i -> D^^H^}, i = 0,1, 
such that 

(4.23) fo^idy) = ~x 2 d x - 2dx + xX* + ^(X*,X*)dx 

(4.24) 0o^r X ( A *) = A * - ( A *> A*)^" 1 ^ 

(2) The anchor map of A j"i induces a vector space isomorphism 
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Proof. (1) The construction of section 3.3.1 and the results of section 3.2 imply 
that the most general gluing formula is as follows: 

(4-25) £ h+ g tJ (0 + A(0 - ±{A(£),A) + 

(4.26) 9^9- (g, A) 

where <7y is a transition function for a CDO, /3 £ Sl^. n£/ ., A = Vj — V», for some 
connectoions V, : Tu t — > Cjj i . 

Applying to our case and using (4.5) and (4.21), we see that 

(4.27) d y H- -x 2 d x - 2dx + xX* + ^(X*,X*)dx 
and the map gj^ — >■ jj|j/„ is given by 

(4.28) X *^X*-(X*,^X*) = X*+k— 

y x 

(2) The gluing formula (4.28) implies that the map ^"(P 1 ^) -4 H" 1 (P 1 , fi^ ) 
in the long exact sequence associated to — > fiji — > g — > g — >• is an 
isomorphism. 

Since iZ^P 1 ,^ 1 ) = H k (P 1 ,g) = for j ^ 1, k ^ 0, one can conclude that 
ff^P 1 ,^) = for all i. 

In turn, the long cohomology sequence associated to the sequence 

O^fl^ Aft -^%i^0 

shows that H i (P 1 , Aft) ~ if* (P 1 , T) . □ 

4.7. Embedding of affine s^. For k <E C let A K (sl2) denote the vertex alge- 
broid over C equal to as a space, with bracket g^g' = [g,g'] and pairing 
9(i)9' = K (9\g') where (-|-) is the canonically normalized invariant form (for SI2, it 

i S \{\) Killing )■ 

Let 

e = d x 



(4.29) 



h = -2d x{ _ 1} x + X* 

f = -^ ( _i)x 2 - 2dx + xX* + ^(X*\X*)dx 



Lemma 4.7. The elements e, f , h given by the formulas (4-29) 

(1) satisfy the relations of s^ft) where n = ^ ^ A ^ — 2; 

(2) belong to F°(P 1 ,^*p 

Proof. Restricted to the big cell, the statement of Part (1) goes back to Wakimoto 
[W]; see also [Fl]. 

The rest follows from the following equalities over Uo fl Ui : 

(4.30) 

d x = -d y{ - 1)y 2 - 2dy + yX* + ^(X*\X*)dy 
-2d x (_i)X + A* = 29 !/ (_x)2/ - A* 



1 



d x {-i)3f - 2dx + xX* + -{X*\X*)dx = d. 



'v 
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□ 

Corollary 4.8. The formulas H-29) define an isomorphism of vertex algebroids 
over k 

(4.31) A K (sl 2 ) ~JJ°(P\.4£p 
that extends to the vertex algebra embedding 

(4.32) V K (sl 2 ) — > H°(P\ U(V c { y w )) 

Proof. The map defined by (4.29) is clearly injective and the first statement 
follows by dimension count. The restriction of the second map to the big cell was 
shown in [Fl] to be injective. □ 

4.8. The case of a general flag variety. Recall that we have an identification 

(4.33) a : I)* ~ H\X t tih d ) ~ H 2 (X,C) 

In other words, the tdo on G/B are classified by ()*. The Lie algebroid TqJ b is 
an extension 

o ► o G/B ® c h ► r G v j B > r G/B ► o 

A deformation of TCDO is therefore a vertex extension of (TqJ b , (, )) where (, ) 
is a symmetric bilinear pairing (, ) : f) x f) — > C 
We have the following 

Theorem 4.9. Let X = G/B. Then the class ofTCVO {} is equal to if and only 
if (, ) is proportional to the restriction of the Killing form on f). 

Proof. First, we find a convenient cocycle representation of the obstruction. 

Let {xr} be the set of fundamental weights, C r the corresponding line bundles 
over X, T> Xr algebras of tdo acting on C r and T Xr the corresponding Lie algebroids. 
Define the cocycles [i r = (fi]?) £ ^{X, fi^ c ') corresponding to T Xr . Then the map 

(4.33) is the one taking \r to the class of (/J,]?) in H 1 (X, fi^ d ). 
Take A* to be the basis of f) dual to the basis {xA- 

Using Theorem 4.5 and the existence of CDO on X ([GMS2]), we conclude that 
the class of TCVG® is represented by a cocycle (A* | A*) $ A [i{ k . Its image under 
the natural embedding H 2 (X, Q 2 -)• fl 3 - cl ) -> H 4 (X, C) (cf. [GMS2]) equals to that 
of the element 

S=(\* r \\* s } X r-Xs eSV. 

which naturally corresponds to the form (, ) : f) X t) — > C. 

By [BGG], S becomes zero in H 4 (X, C) if and only if S is PF-invariant. Therefore, 
the form (, ) has to be a multiple of the Killing form. □ 

4.8.1. Embedding of the affine vertex algebra Vfc(g). Let X be a G-variety. 

Let A k (g)x denote the constant sheaf with sections equal to q, equipped with 
the structure of a Cx -vertex algebroid as follows: 

z(o) y = [x,y] 

(4.34) x {1) y = k(x\y) 

tt = 0, d = 

Let A be a (locally trivial) (, )-deformation of TCDO. 
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Let us assume that there is a Lie algebra morphism 

(4.35) a : -> if 

lifting the morphism a : q — > Tx induced by the action of G. (This is the case for 
X = G/B). 

Consider the sheaf of homomorphisms of vertex algebroids 

(4.36) Uom a (A k (s) x ,A) 

that lift the morphism a. 

We are mainly interested in the global sections of this sheaf, as they correspond 
to embeddings of the vertex algebra 14 (g) into the envelope of A. 

Proposition 4.10. Suppose the image of q in Tx generates Tx as an Ox -module. 
Then the sheaf (4-36), if locally nonempty, is an £l 2 - cl -torsor. 

Proof. Let us work locally on a subset U C X small enough to admit an identi- 
fication A\u - T x w \u © ttjy- 

Let w,w' £ Hom a (A k (Q)x,A)(U). 

Then w'(g) = w(g) + us{g) for some u; : g — s> fi 1 , since the ^"'-component is 
fixed. 

Analysis similar to that in [MSV, GMS1] shows that uj must be given by 
where (3 £ £l x cl . 

Conversely, adding t a (_)/3 to any w £ T-Lom a (A k (g) x , A)(U) gives an element of 
Hom a (A k (g)x , A)(U). The statement follows. □ 

Remark 4.11. When dimX = 1 the torsor (4.36) is trivial, therefore the existence 
of local embeddings implies the existence of a global one. For a general flag variety 
we do not know whether the torsor (4.36) is trivial, but we believe it is. 
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